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ABSTRACT
The main object of the paper is to present the condition of the non-diffusive part of the Reynolds
stress for driving the double-cell structure of the solar meridional circulation, which has been revealed
by recent helioseismic observations. By conducting a set of mean-field hydrodynamic simulations, we
confirm for the first time that the double-cell meridional circulation can be achieved along with the
solar-like differential rotation when the Reynolds stress transports the angular momentum upward
in the lower part and downward in the upper part of the convection zone. It is concluded that, in
a stationary state, the accumulated angular momentum via the Reynolds stress in the middle layer
is advected to both the upper and lower parts of the convection zone by each of the two meridional
circulation cells, respectively.
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1. INTRODUCTION
The internal structures of the large-scale solar con-
vections have recently been revealed in detail by he-
lioseismic observations. Robust observational pro-
file is obtained for differential rotation with a pole-
equator difference of about 30% of the rotation rate
of the radiative zone (Thompson et al. 2003; Howe
2009; Howe et al. 2011). As for meridional circu-
lation, however, the only robust observation is a
poleward flow at the surface with the flow speed
of 10 − 20 m s−1 (Giles et al. 1997; Braun & Fan
1999; Haber et al. 2002; Zhao & Kosovichev 2004;
Gonza´lez Herna´ndez et al. 2008). Although it is be-
lieved that the equatorward return flow exists inside the
convection zone to meet the mass conservation, the ex-
act depth of the return flow has been largely unknown.
Recently, Zhao et al. (2013) reported detecting the
equatorward flow in the middle depth of the convec-
tion zone, between 0.82 R⊙ and 0.91 R⊙, and poleward
flow again below 0.82 R⊙, where R⊙ is the solar radius.
This observation suggests the double-cell structure of
the solar meridional circulation with the counterclock-
wise circulation cell in the upper convection zone (pole-
ward near the surface) and the clockwise circulation cell
in the lower layer (poleward near the base). Moreover,
Kholikov et al. (2014) used other helioseismic measure-
ments and also detected the evidence that the latitudinal
flow changes its direction at several depths of the solar
convection zone, supporting Zhao et al. (2013)’s find-
ing that the meridional flow consists of radially distinct
circulation cells. However, poleward meridional flow
near the base of the convection zone of this double-cell
type circulation structure is problematic for the conven-
tional flux-transport dynamo model (Hazra et al. 2014)
because, in this model, the observed equatorward mi-
gration of sunspot groups is mainly attributed to the
equatorward transport of toroidal magnetic fluxes by
the meridional flow at the base of the convection zone
where convective stable layer can detain magnetically
buoyant toroidal fluxes from rising upward for long pe-
riods of time (Wang et al. 1989; Choudhuri et al. 1995;
Dikpati & Charbonneau 1999). Although the reliability
of these local helioseismic measurements in the deeper
convection zone is controversial and, in fact, there exists
a contradictory observation which suggests the single-
cell meridional circulation structure (Rajaguru & Antia
2015), theoretical investigation on the double-cell type
meridional circulation should be regarded as of great im-
portance as a first step to reconsider the validity of the
conventional flux-transport dynamo model.
In this paper, therefore, we discuss the possibility of
the double-cell meridional circulation in the framework
of the mean-field theory. In a mean-field model, the
effect of the angular momentum transport by the non-
diffusive part of the Reynolds stress, commonly known
as the turbulent angular momentum transport or the Λ-
effect (see Ru¨diger 1989; Kichatinov & Ru¨diger 1993),
is parameterized so that the differential rotation and
2meridional circulation are calculated self-consistently.
In fact, the parameterization of the Λ-effect contains
some uncertainties. In most of the previous mean-
field simulations whose main interests focus on the
Taylor-Proudman balance of the differential rotation
(Kitchatinov & Ru¨diger 1995; Rempel 2005), the tur-
bulent angular momentum fluxes are set nearly equator-
ward just in order to accelerate the equatorial region and
to obtain the solar-like differential rotation. Although
it is shown in these previous papers that the meridional
circulation is very sensitive to the parameterization of
the Λ-effect, the relation between the Λ-effect and the
structure of the meridional circulation has not yet been
investigated in detail. Recently, Pipin & Kosovichev
(2016) studied the latitudinal dependence of the radial
component of the turbulent angular momentum flux and
produced the triple-cell meridional circulation in the
mean-field framework. However, the double-cell struc-
ture as suggested by Zhao et al. (2013) was not repro-
duced and therefore the condition of the Reynolds stress
for obtaining the double-cell meridional circulation is
still unclear.
The relationship between the meridional flow profile
and the azimuthal components of the Reynolds stress is
described in terms of the so-called “gyroscopic pump-
ing” (Miesch & Hindman 2011; Featherstone & Miesch
2015), which has been commonly used for explaining
the formation mechanism of the solar near-surface shear
layer (Hotta et al. 2015). In this paper, we first ap-
ply the equation of gyroscopic pumping for the double-
cell meridional circulation and derive the condition of
the Reynolds stress needed for obtaining the double-
cell structure. In general, however, it is not obvious
whether the Λ-effect which reflects such a condition of
the Reynolds stress can drive both the double-cell merid-
ional circulation and the solar-like differential rotation
at the same time, since the differential rotation and
meridional circulation are hydrodynamically balanced
with each other. We therefore conduct a set of mean-
field hydrodynamic simulations to see whether or not
the double-cell meridional circulation is hydrodynami-
cally compatible with the solar-like differential rotation.
The organization of this paper is as follows. In Section
2, the condition of the Reynolds stress which is neces-
sary for the double-cell meridional circulation is derived
by considering the equation of gyroscopic pumping. In
Section 3, our mean-field model is explained. The Λ-
effect is specified in Section 3.4. In Section 4, we show
the results of our mean-field simulations. Reference so-
lution is presented in Section 4.1 to confirm that the
double-cell meridional circulation can be achieved along
with the solar-like differential rotation. The influence
on the Taylor-Proudman balance is addressed in Section
4.2. We further discuss the angular momentum balance
Table 1. Signs of each of the quantities in Eq.(4)
Layer vζ ∇ · (ρ0r sin θ〈v
′
mv
′
φ〉) 〈v
′
rv
′
φ〉
upper : negative positive
middle : positive negative
negative
lower : negative positive
positive
in Section 5 where the maintenance mechanism of the
double-cell meridional circulation is explained. In Sec-
tion 6, we discuss the validity of our parameterization
of the Λ-effect. Finally, we conclude in Section 7.
2. GYROSCOPIC PUMPING
In this section, we briefly discuss a qualitative con-
dition of the Reynolds stress for driving a double-cell
meridional circulation. Using a spherical geometry
(r, θ, φ), the velocity field v is written as,
v= 〈v〉 + v′, (1)
〈v〉=vm + vφ
= vrer + vθeθ + r sin θΩeφ, (2)
where 〈 〉 denotes zonal averaging. 〈v〉 and v′ express
the mean velocity and the turbulence respectively, and
Ω denotes the total angular velocity. The mean 〈v〉
represents the large-scale flows such as meridional cir-
culation vm = vrer + vθeθ and differential rotation
vφ = r sin θΩeφ.
Now, the equation of gyroscopic pumping can be ex-
pressed as,
ρ0vm · ∇L = −∇ · (ρ0r sin θ〈v
′
mv
′
φ〉), (3)
when an anelastic approximation is valid for the mean
flow, i.e., ∇ · (ρ0vm) = 0. Here ρ0 denotes the time-
independent background density and L = r2 sin2 θΩ de-
notes the mean angular momentum density per unit
mass. Equation (3) describes that, in a stationary state,
the angular momentum advected by the meridional flow
balances with the angular momentum transported by
φ components of the Reynolds stress. Since, in gen-
eral, ∇L is directed almost cylindrically outward with
respect to the rotational axis within the convection zone,
it would be constructive to introduce a new coordinate
ζ = r sin θ denoting the momentum arm. Equation (3)
then reduces to,
ρ0vζ
∂L
∂ζ
≈ −∇ · (ρ0r sin θ〈v
′
mv
′
φ〉), (4)
where vζ is the cylindrically outward velocity.
For double-cell type meridional circulation suggested
by Zhao et al. (2013), vζ becomes negative both near the
surface and the base of the convection zone where the
meridional flow is directed poleward, whereas vζ takes
3positive value in the middle layer due to the equatorward
return flow. Since ∂L/∂ζ is generaly almost uniformly
positive, the left hand side of the equation (4) takes
negative, positive, and negative values from lower, mid-
dle, to the upper convection zone, respectively. Thus,
〈v′mv
′
φ〉 must be a radially converging vector into the
middle convection zone and we can specify a Reynolds
stress such that 〈v′rv
′
φ〉 takes positive value in the lower
half and becomes negative in the upper half of the con-
vection zone as the simplest candidate which satisfies the
condition above (Table 1). We can speculate, therefore,
that the double-cell meridional circulation as observed
might be maintained when the Reynolds stress trans-
ports the angular momentum radially upward (down-
ward) in the lower (upper) convection zone. We quanti-
tatively confirm this speculation by conducting a set of
numerical simulations using a mean-field hydrodynamic
model.
3. MODEL
We solve the hydrodynamic equations for a rotating
system and investigate the large-scale flow structures,
differential rotation and meridional circulation, using
an axisymmetric mean-field model similar to that of
Rempel (2005). In our mean-field model, all processes
on the convective scale such as turbulent viscous dissipa-
tion, turbulent heat conduction, and turbulent angular
momentum transport are parameterized and given ex-
plicitly in our basic equations. Thus, the differential
rotation and the meridional circulation are calculated
self-consistently, which makes it possible for us to dis-
cuss the condition of the Reynolds stress for obtaining a
double-cell meridional circulation along with the solar-
like differential rotation. We do not aim at a realistic
simulation of the solar convection zone by this mean-
field model but rather investigate the hydrodynamical
balance for the double-cell meridional circulation.
We consider the perturbations with respect to the
background reference state that is rigidly-rotating at an
angular velocity of the radiative zone Ω0/2pi = 430 nHz.
The basic assumptions used in our model are summa-
rized as follows.
1. Background stratification of the reference state is
adiabatic and spherically symmetric.
2. There is no meridional flow in the reference state.
3. Energy balance is achieved in the reference state.
4. The perturbations of density and pressure associ-
ated with the differential rotation are small, i.e.,
ρ0 ≫ |ρ1| and p0 ≫ |p1|. Here, we define quanti-
ties in the reference state with a subscript 0, and
perturbations from the reference state with a sub-
script 1. We neglect the second-order terms of
these perturbations.
3.1. Basic Equations
The axisymmetric, fully compressible hydrodynamic
equations in a rotating system can be expressed using a
spherical geometry (r, θ, φ) as,
∂ρ1
∂t
=−
1
r2
∂
∂r
(r2vrρ0)−
1
r sin θ
∂
∂θ
(sin θvθρ0), (5)
∂vr
∂t
=−vr
∂vr
∂r
−
vθ
r
∂vr
∂θ
+
v2θ
r
−
1
ρ0
[
∂p1
∂r
+ ρ1g
]
+(2Ω0Ω1 +Ω
2
1)r sin
2 θ +
Fr
ρ0
, (6)
∂vθ
∂t
=−vr
∂vθ
∂r
−
vθ
r
∂vθ
∂θ
−
vrvθ
r
−
1
ρ0r
∂p1
∂θ
+(2Ω0Ω1 +Ω
2
1)r sin θ cos θ +
Fθ
ρ0
, (7)
∂Ω1
∂t
=−
vθ
r2
∂
∂r
[r2(Ω0 +Ω1)]
−
vθ
r sin2 θ
∂
∂θ
[sin2 θ(Ω0 +Ω1)] +
Fφ
ρ0r sin θ
, (8)
∂s1
∂t
=−vr
∂s1
∂r
−
vθ
r
∂s1
∂θ
+ vr
γδ
Hp
+
γ − 1
p0
Q+
1
ρ0T0
∇ · (ρ0κtT0∇s1), (9)
where (vr, vθ) denotes the meridional flow, Ω1 repre-
sents the relative angular velocity with respect to that
of radiative zone Ω1 = Ω−Ω0, and s1 is the dimension-
less entropy perturbation normalized by the specific heat
capacity at constant volume cv = (γ − 1)
−1R/µ, with
γ = 5/3. g, δ, and κt denote gravitational acceleration,
superadiabaticity, and coefficient of turbulent thermal
conductivity, respectively. The pressure perturbation
and pressure scale height are expressed as,
p1=p0
(
γ
ρ1
ρ0
+ s1
)
, (10)
Hp=
p0
ρ0g
. (11)
Since molecular viscosity is negligible in the sun’s in-
terior, the viscous force F can be expressed only by the
Reynolds stress Rik as follows;
Fr=
1
r2
∂
∂r
(r2Rrr) +
1
r sin θ
∂
∂θ
(sin θRθr)
−
Rθθ +Rφφ
r
, (12)
Fθ=
1
r2
∂
∂r
(r2Rrθ) +
1
r sin θ
∂
∂θ
(sin θRθθ)
+
Rrθ − Rφφ cot θ
r
, (13)
Fφ=
1
r2
∂
∂r
(r2Rrφ) +
1
r sin θ
∂
∂θ
(sin θRθφ)
+
Rrφ +Rθφ cot θ
r
, (14)
4with
Rik = −ρ0〈v
′
iv
′
k〉. (15)
Rik is assumed to be divided into a diffusive part and a
non-diffusive part as follows,
Rik = ρ0
[
νv
(
Eik −
2
3
δik∇ · v
)
+ νlΛikΩ0
]
. (16)
Here, νv and νl are the coefficients of turbulent diffusiv-
ity for viscous diffusive part and non-diffusive part which
does not contain any spatial derivatives of velocity field,
respectively. Eik denotes the deformation tensor and is
expressed in spherical coordinates by,
Err=2
∂vr
∂r
, (17)
Eθθ=
2
r
(
∂vθ
∂θ
+ vr
)
, (18)
Eφφ=
2
r
(vr + vθ cot θ), (19)
Erθ=Eθr = r
∂
∂r
(vθ
r
)
+
1
r
∂vr
∂θ
, (20)
Erφ=Eφr = r sin θ
∂Ω1
∂r
, (21)
Eθφ=Eφθ = sin θ
∂Ω1
∂θ
. (22)
The non-diffusive part of the Reynolds stress describes
the effect of the turbulent angular momentum transport
due to the anisotropic turbulence. Since the anisotropy
is mainly attributed to the effect of the Coriolis forces
related with the background rotation, the non-diffusive
part is assumed to be proportional to Ω0 (Λ-effect,
Ru¨diger 1989; Kichatinov & Ru¨diger 1993). In this
study, we parameterize Λik in the non-diffusive part
so that it satisfies the condition of the Reynolds stress
needed for driving the double-cell meridional circula-
tion derived in Section 2. Parameterization of Λik is
described in detail in the later Section 3.4.
The amount of energy that is converted by the
Reynolds stress from kinetic energy to internal energy
is given by,
Q =
∑
i,k
1
2
EikRik. (23)
3.2. Background Stratification
For an adiabatic background stratification for the ref-
erence state, the same formulations presented in Rempel
(2005) are adopted for density ρ0, pressure p0, temper-
ature T0, and gravitational acceleration g.
ρ0(r)=ρbc
[
1 +
γ − 1
γ
rbc
Hbc
(rbc
r
− 1
)]1/γ−1
, (24)
p0(r)=pbc
[
1 +
γ − 1
γ
rbc
Hbc
(rbc
r
− 1
)]γ/γ−1
, (25)
T0(r)=Tbc
[
1 +
γ − 1
γ
rbc
Hbc
(rbc
r
− 1
)]
, (26)
g(r)= gbc
(
r
rbc
)−2
, (27)
where ρbc, pbc, Tbc, gbc and Hbc = pbc/(ρbcgbc) are
the values of density, pressure, temperature, and pres-
sure scale height at the base of the convection zone
rbc = 0.71 R⊙, with the solar radius R⊙ = 7× 10
10 cm.
We adopt solar values ρbc = 0.2 g cm
−3, pbc = 6 ×
1013 dyn cm−2, Tbc = mpbc/(kBρbc) ≈ 1.82 × 10
6 K,
and gbc = 5.2 × 10
4 cm s−2, where kB is the Boltzman
constant and m is the mean particle mass.
It would be reasonable to assume such an adiabatic
stratification for background quantities as long as we
use a superadiabaticity defined by,
δ=∇−∇ad
=−
Hp
γ
ds0
dr
, (28)
which is far smaller than the order of unity, i.e., |δ| ≪ 1.
We assume the following profile for superadiabaticity
δ(r).
δ(r) =
δos
2
[
1− tanh
(
r − rtran
dtran
)]
, (29)
where δos denotes the superadiabaticity value at the sub-
adiabatic layer below the convection zone. Superadia-
baticity smoothly connects with the adiabatic profile in
the bulk of the convection zone at the transition radius
rtran with the steepness of the transition dtran. Here,
we adopt δos = −1.5 × 10
−5, rtran = 0.725 R⊙, and
dtran = 0.0125 R⊙ in all of our calculations.
In our model, inclusion of subadiabatic layer below the
base of the convection zone produces the entropy pertur-
bation through interactions with the radial meridional
flow (third term in equation (9)), which is proposed by
Rempel (2005) as a possible source for the latitudinal
entropy gradient that is needed for thermal wind bal-
ance of the non-Taylor Proudman differential rotation
(Miesch et al. 2006). In fact, stratification becomes su-
peradiabatic in the upper convection zone in our real sun
(Skaley & Stix 1991). Different profiles of δ with such a
superadiabatic convection zone may primarily affect the
Taylor-Proudman balance of the differential rotation but
the influence on the meridional circulation, which is of
our primary interest in this paper, is very weak (Rempel
2005).
5We must also note that there are other possible the-
ories on the generation mechanism of the entropy per-
turbation. Kitchatinov & Ru¨diger (1995) proposed that
an latitudinal temperature gradient is produced by an
anisotropic energy transport, while Masada (2011) sug-
gested that the turbulence induced by magnetorota-
tional instability plays an important role in generating
entropy near the higher latitude tachocline via the ex-
ceptional turbulent heating. The Taylor-Proudman bal-
ance of the differential rotation may change when these
other entropy sources are considered. We will discuss
the Taylor-Proudman balance in our model in the later
Section 4.2.
3.3. Turbulent Diffusivity Profiles
We assume constant values for turbulent viscosity and
thermal conductivity within the convection zone and the
radiative zone with a thin transition layer. We assume
the following diffusivity profiles having only radial de-
pendence,
νv(r)= νos + (ν0 − νos)ftran(r)fc(r), (30)
νl(r)= ν0ftran(r)fc(r), (31)
κt(r)=κos + (κ0 − κos)ftran(r)fc(r), (32)
with
ftran(r)=
1
2
[
1 + tanh
(
r − rtran +∆
dκν
)]
, (33)
∆=dκν tanh
−1(2ακν − 1), (34)
fc(r)=
1
2
[
1 + tanh
(
r − rbc
dbc
)]
, (35)
where ν0 and κ0 are the values of turbulent diffusiv-
ities within the convection zone and νos and κos are
those within the subadiabatic layer. Note that we im-
pose moderate diffusivities below the convection zone
in order to achieve a shear layer near the uniformly-
rotating radiative core, and in addition, to make it
possible for the entropy perturbation to spread out
into the bulk of the convection zone. Here, we adopt
ν0 = κ0 = 3.0 × 10
12 cm2 s−1 and set the viscosity
and thermal conductivity in the subadiabatic layer νos,
κos to 2% and 0.2% relative to those within the convec-
tion zone, respectively. The radial step function ftran(r)
smoothly connects the diffusivity values in the subadia-
batic layer with those in the upper convection zone, in
which the parameter ακν = ftran(rtran) determines dif-
fusivity values at r = rtran. The other function fc(r)
ensures that the diffusivities drop significantly towards
the radiative interior. dκν and dbc denote widths of these
transition layers. In all our simulations, we use the val-
ues, ακν = 0.1, dκν = 0.025 R⊙, and dbc = 0.0125 R⊙.
3.4. Parameterization of the Λ-Effect
0.0 0.2 0.4 0.6 0.8 1.0
r/R
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0.2
0.4
0.6
0.8
1.0
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Figure 1. Non-diffusive part the Reynolds stress (Λ-effect)
is illustrated. −νlΛ which specifies the direction and the am-
plitude of the turbulent angular momentum flux is plotted on
the meridional plane for our reference case Cl = 0.3. Dashed
line indicates the base of the convection zone, rbc = 0.71 R⊙.
In this Section, non-diffusive part of the Reynolds
stress tensor, Λik, is specified such that the condition
of the Reynolds stress for the double-cell meridional cir-
culation discussed in Section 2 is satisfied by the non-
diffusive part. In our study, we do not consider the
turbulent momentum transport within the meridional
plane, and thus, Λik is assumed to have non-zero com-
ponents only when k takes φ. Here, let us define a di-
mensionless vector on a meridional plane that specifies
the amplitude and the direction of the Λ-effect,
Λ = Λrφer + Λθφeθ. (36)
Now, the angular momentum flux is divided into the
turbulent diffusive flux and the turbulent angular mo-
mentum flux using Λ as,
ρ0r sin θ〈v
′
mv
′
φ〉=−
(
ρ0νvr
2 sin2 θ∇Ω1
+ ρ0νlr sin θΛΩ0) . (37)
Note that, by definition, Λ is anti-parallel to the turbu-
lent angular momentum flux.
We set the Λ-effect expressed in the following form,
Λ = Λ0f˜(r, θ)

 cos (θ + λ(r, θ))
− sin (θ + λ(r, θ))

 h(r), (38)
where Λ0 is a dimensionless parameter with the order
of unity that specifies the overall amplitude of the Λ-
effect and λ is the inclination of Λ with respect to the
rotational axis. Spatial dependence is described by a
6distribution function f˜(r, θ) as,
f˜(r, θ)=
f(r, θ)
max|f(r, θ)|
, (39)
f(r, θ)= sin2 θ cos θ tanh
(
rmax − r
dsf
)
. (40)
Here, sin2 θ is multiplied in order to avoid the divergence
of the Reynolds stress near the pole. cos θ satisfies the
antisymmetric boundary condition at the equator. The
hyperbolic-tangent part ensures that the amplitude of
turbulent angular momentum flux drops significantly to-
wards the surface. We set a value dsf = 0.025 R⊙ for
this transition width.
Considering the condition of the Reynolds stress that
the angular momentum should be transported radially
inward (outward) in the upper (lower) half of the con-
vection zone, we treat the direction and the amplitude
of the turbulent angular momentum flux as functions
of space that are specified by λ(r, θ) and h(r), respec-
tively.
λ(r, θ)=λl(θ) +
λu(θ)− λl(θ)
2
×
[
1 + tanh
(
r − rmid
dmid
)]
, (41)
h(r)=Cl +
1− Cl
2
[
1 + tanh
(
r − rmid
damp
)]
. (42)
Here, λl denotes the inclination of Λ in the lower part
of the convection zone r < rmid = 0.825 R⊙ and λu
for the upper part rmid < r. For smoothly connecting
the turbulent angular momentum fluxes with different
directions, transition layers with the thickness dmid,amp
are inserted. Transition widths are specified as dmid =
0.085 R⊙ and damp = 0.075 R⊙. Cl appeared in the
radial function h(r) specifies the relative amplitude of
the Λ-effect in the lower part of the convection zone
with respect to the upper layer. Cl is treated as a free
parameter along with Λ0 in this study. We specify the
directions λl and λu as follows,
λl=165
◦, (43)
λu=λeq +
λpl − λeq
2
[
1 + tanh
(
θ − θmid
Πmid
)]
. (44)
Here, we set θmid = 45
◦, Πmid = 15
◦, λeq = 15
◦, and
λpl = −θ. The turbulent angular momentum flux is di-
rected upward with the inclination 15◦ to the rotational
axis in the lower convection zone. In the upper convec-
tion zone, on the other hand, the flux is latitudinally-
directed in high latitudes and changes its direction to
radially inward near the equator as shown in Figure 1.
Kichatinov & Ru¨diger (1993) investigated the forms
of Λrφ and Λθφ, especially their dependence on the
radial distance, latitude, and rotation rate, using a
quasilinear theory. One of their main results that the
horizontal component Λθφ is negative in the northern
hemisphere, having ∝ sin2 θ cos θ dependence, is imple-
mented in our model. This negative Λθφ or the result-
ing positive horizontal correlation 〈v′θv
′
φ〉, which is re-
sponsible for the observed equatorial acceleration, has
been repeatedly confirmed by both local convection sim-
ulations (Chan 2001; Ka¨pyla¨ et al. 2004; Ru¨diger et al.
2005) and global spherical simulations (Brun et al. 2004;
Miesch et al. 2008; Ka¨pyla¨ et al. 2011, 2014).
On the other hand, the functional form of the verti-
cal component Λrφ developed by Kichatinov & Ru¨diger
(1993) turns out to be unable to explain some of the
results obtained by direct numerical simulations, and
thus, Λrφ is parameterized only by considering the con-
dition discussed in Section 2 without resorting to the
quasilinear theory in our model. Still, it would be note-
worthy that some direct numerical simulations provide
us a good reason to set the turbulent angular momen-
tum flux upward (downward) in the lower (upper) con-
vection zone as illustrated in Figure 1. Conducting lo-
cal convection simulations under the different rotational
influences, Ka¨pyla¨ et al. (2004) found that the radial-
azimuthal correlation 〈v′rv
′
φ〉 shows a sign change from
negative for slow rotation case (Ro≫ 1) to positive for
fast rotation case (Ro ≪ 1), where the Rossby number
Ro = v′/(2Ω0Hp) is defined with convective velocity v
′
and pressure scale height Hp. If we assume that the vis-
cous diffusive part of the Reynolds stress has just a neg-
ligible effect, the corresponding turbulent angular mo-
mentum flux is directed radially outward in low-Rossby
regime and inward in high-Rossby regime, respectively.
Since v′ and Hp becomes larger and shorter respectively
towards the surface according to global convection sim-
ulations, Ro is expected to be small at the base and
become larger near the surface, and thus, the angular
momentum is expected to be transported outward (in-
ward) in the lower (upper) convection zone. The ampli-
tude ratio of the Λ-effect between lower and upper con-
vection zone Cl should reflect the radial dependence of
Ro, which is difficult to determine by the current global
convection simulations where v′ is likely to be overes-
timated (Miesch et al. 2008; Hanasoge et al. 2012), and
thus, is treated as a free parameter in this paper. More
detailed discussions on the validity of our parameteri-
zation of the Λ-effect will be addressed again in later
Section 6 using the computed Reynolds stress.
3.5. Numerical Methods
We solve the equations (5)−(9) numerically for the
northern hemisphere of the meridional plane, using the
second-order centered-differencing method for space and
the fourth-order Runge-Kutta scheme for time integra-
tion (Vo¨gler et al. 2005). We adopt the same artifi-
cial viscosity as Rempel (2014) which is added on all
7variables. The numerical domain extends from rmin =
0.65 R⊙ to rmax = 0.96 R⊙ in radius. We use a uniform
resolution of 70 points for both radial and latitudinal
directions. Each numerical calculation is run until the
large-scale flows become stationary.
At the initial state, we set all the variables ρ1, vr, vθ,
Ω1, and s1 to zero. At the surface r = rmax, we impose
an impenetrable boundary condition for vr and stress-
free boundary conditions for vθ and Ω1 (Rrθ = Rrφ = 0).
We set the derivative of s1 to zero:
vr = 0, (45)
∂
∂r
(vθ
r
)
= 0, (46)
∂Ω1
∂r
= 0, (47)
∂s1
∂r
= 0. (48)
We set ρ1 to make the right-hand side of the equation
(6) equal to zero at the top boundary. Except for Ω1,
the same radial boundary conditions are imposed at the
lower boundary. For Ω1, we impose a uniform rotat-
ing boundary condition Ω1 = 0. At the pole and the
equator, we set the boundary conditions considering an
appropriate symmetricity;
∂ρ1
∂θ
= 0, (49)
∂vr
∂θ
= 0, (50)
vθ = 0, (51)
∂Ω1
∂θ
= 0, (52)
∂s1
∂θ
= 0. (53)
In order to relax the severe CFL condition of the sound
wave mode, we use the Reduced Speed of Sound Tech-
nique (Rempel 2005; Hotta et al. 2014, 2015) and re-
place the equation of continuity (5) by,
∂ρ1
∂t
+
1
ξ2
∇ · (ρ0vm) = 0. (54)
In this study, we adopt ξ = 100 in all our calculations.
4. RESULTS
We run simulations for four cases, with Table 2 show-
ing the parameters for each case. Starting from the zero
initial condition, the dynamical balance between differ-
ential rotation and meridional circulation is established
in about 15 yr, which can be defined as a dynamical
time-scale τdyn. After the stationary velocity field has
achieved, there appears a secular change in entropy per-
turbation which proceeds on a thermal diffusive time-
scale τdiff ≈ 500 yr. Since the aim of this paper is to
Table 2. Parameters used and calculated in our model
Case Cl Λ0 PnTP Pcw
1......... 0.1 1.0 . . . 5.19× 10−2 −2.87× 10−1
2......... 0.3 0.8 . . . 4.80× 10−2 −1.15× 10−1
3......... 0.6 0.6 . . . 4.39× 10−2 4.32 × 10−2
4......... 1.0 0.45 . . . 4.08× 10−2 1.57 × 10−1
Note— Cl and Λ0 are free parameters in our model specified
for each case. PnTP and Pcw are the parameters calculated
to evaluate the extent of the deviation of the differential ro-
tation from the Taylor-Proudman state (equation (56)) and
the strength of the lower clockwise meridional circulation cell
(equation (57)), respectively.
discuss the angular momentum balance for the double-
cell meridional circulation, we do not consider the phys-
ical processes working on a thermal diffusive time-scale
for the following discussion.
In Section 4.1, we present a representative reference
solution, computed with the parameter values Cl = 0.3
and Λ0 = 0.8 (Case 2). The influence on the Taylor-
Proudman balance is addressed in Section 4.2. Param-
eter dependence is discussed at last in Section 4.3.
4.1. Reference Solution
Figures 2 and 3 show the profiles of differential ro-
tation and meridional circulation for case 2 respec-
tively. As for differential rotation, the equator rotates
at Ω/2pi ≈ 460 nHz which is consistent with the helio-
seismic observations and the rotation rate almost mono-
tonically decreases as latitude increases, as like our sun.
In our model, rigidly-rotating lower boundary, in con-
junction with a finite value of νv, makes a strong an-
gular velocity shear layer at the base of the convection
zone, consisting a tachocline. We can confirm that the
contour lines of the angular velocity are conical espe-
cially in middle to high latitudes. This means that the
Taylor-Proudman’s theorem is broken by the negative
latitudinal entropy gradient within the convection zone
(Miesch et al. 2006) as shown in Figure 4(a). The tem-
perature perturbation associated with this entropy per-
turbation shows a latitudinal difference of about 12 K
at the base and about 5 K throughout the convection
zone as shown in Figure 4(b).
Nevertheless, there are several differences against the
profile deduced by helioseismology. One major dif-
ference is the absence of the near surface shear layer
(Howe et al. 2011). In fact, some mean-field models
have successfully reproduced the surface shear layer
with non-vanishing inward angular momentum fluxes
at the surface (Kitchatinov & Ru¨diger 2005; Rempel
2005; Kitchatinov & Olemskoy 2011). Rempel (2005)
presented two meridional flow profiles computed with
and without the near surface shear layer and found
almost no influence on the meridional flow structure
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Figure 2. Profile of differential rotation Ω/2pi nHz in a dynamical stationary state (t = τdyn) for case 2. (a) The angular velocity
distribution on the meridional plane. (b) The angular velocity at different colatitudes as functions of radial distance.
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Figure 3. Profile of meridional circulation vm in a dynamical stationary state for case 2. (a) The stream-function Ψ, defined
by ρ0vm = ∇ × (Ψeφ), is plotted on the meridional plane. Solid lines indicate streamlines of clockwise circulation flows and
dashed lines for counterclockwise flows. (b) The latitudinal meridional velocity vθ for different radii are plotted as functions of
colatitude.
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Figure 4. Profiles of (a) entropy perturbation cvs1 in units of erg g
−1 K−1 and (b) temperature perturbation T1 = T0[s1+(γ−
1)p1/p0]/γ in unit of K at t = τdyn are plotted on meridional planes.
9except for the increase of poleward flow speed at the
surface. Furthermore, the meridional force balance re-
sulting from the correlation 〈v′rv
′
θ〉, which is not pa-
rameterized in our model, is claimed to be crucial for
the maintenance mechanism of the surface shear layer
(Miesch & Hindman 2011) and also confirmed by the
global simulation (Hotta et al. 2015). For the above
reasons, we exclude the near surface shear layer in our
model by confining the computational domain below the
subsurface region r < 0.96 R⊙, expecting that the im-
pact on the meridional flow structure is very limited.
Another difference is that the rotation rate near the
equator shows a gradual decrease towards the surface.
This comes from the fact that, in our parameterization
of the Λ-effect, the angular momentum is transported
radially inward in the upper half of the convection zone.
Moreover, the tachocline is mostly confined beneath the
base of the convection zone for the parameters used in
our model, which is different from helioseismic inver-
sions where the tachocline is overlapped with the con-
vection zone (Howe 2009). The difference in the Taylor-
Proudman balance is addressed in the next Section 4.2.
As for meridional circulation, we can confirm that
the double-cell structure is achieved with the clockwise
cell in the lower half and the counterclockwise cell in
the upper half of the convection zone, which is sim-
ilar to Zhao et al. (2013)’s observational result. Due
to the effect of the subadiabatic layer, the meridional
flow is mostly excluded below the base of the convection
zone r < rbc. The latitudinal velocity takes a maxi-
mum poleward speed vθ = 1700 cm s
−1 at the surface
r = 0.96 R⊙ and reverses its direction to equatorward
near r = 0.90 R⊙. The equatorward velocity takes
its maximum value vθ = 450 cm s
−1 at r = 0.85 R⊙
and changes its direction again to poleward around
r = 0.79 R⊙. The poleward flow near the base of the
convection zone is less than 200 cm s−1 as shown in
Figure 3(b). Although the meridional flow amplitude
presented in Zhao et al. (2013) is larger by a factor of
5 especially in the lower convection zone than that of
our reference model, it is also reported that the inver-
sion with mass-conservation constraint reduces the flow
amplitude in the deeper layer while keeping the basic
double-cell profile. Our result is thus consistent with
this statement.
The mechanism of how the double-cell meridional cir-
culation is driven along with the solar-like differential
rotation in our model can be understood as follows. The
φ component of the vorticity equation is expressed by,
∂ωφ
∂t
= [ . . . ] + r sin θ
∂Ω2
∂z
−
g
γr
∂s1
∂θ
, (55)
where ωφ = (∇× vm)φ is the meridional vorticity and z
denotes the rotational axis. Here, for simplicity, ad-
vective and diffusive terms are neglected. Since the
Reynolds stress takes the angular momentum away from
the lower and upper parts of the convection zone and
accumulate it into the middle layer (consider the diver-
gence of the non-diffusive part of the Reynolds stress),
∂Ω2/∂z becomes negative near or below the base of the
convection zone r . rbc, positive in low to middle con-
vection zone r ≈ 0.8 R⊙, and again negative in the
upper part r ≈ 0.9 R⊙. Coriolis forces acting on these
negative, positive, and negative ∂Ω2/∂z, therefore, drive
the counterclockwise, clockwise, and counterclockwise
circulation cells, respectively, as expressed by the left
hand side and the second term on the right hand side of
the equation (55). The counterclockwise circulation cell
near or below the base of the convection zone produces
positive (negative) entropy perturbation in high (low)
latitudes due to the penetration of negative (positive)
radial velocity into the subadiabatic region (through the
third term in equation (9)). The buoyancy force arising
from this entropy perturbation almost excludes the low-
ermost meridional circulation cell and the double-cell
structure is obtained as a result. The generated entropy
perturbation below the convection zone can gradually
spread out into the bulk of the convection zone due to
the finite value of turbulent thermal conductivity κos in
the overshoot region so that the negative latitudinal en-
tropy gradient ∂s1/∂θ is established. At the same time,
solar-like differential rotation is driven by the latitudinal
angular momentum transport by the Reynolds stress.
Differential rotation is finally balanced by the latitudi-
nal entropy gradient such that the right hand side of the
equation (55) vanishes. In other words, differential rota-
tion is in a “thermal wind balance” in a stationary state:
If significant latitudinal entropy gradients are present,
non-Taylor Proudman differential rotation is achieved.
4.2. Taylor-Proudman Balance
Compared with the profile of the differential rotation
presented in Rempel (2005) which is attained with the
single-cell meridional circulation, the differential rota-
tion in our model becomes close to the Taylor-Proudman
state with cylindrical contour lines in low to middle lat-
itudes (Figure 2(a)). Figure 4(a) shows that the lat-
itudinal entropy gradient in this region is very weak:
cv[s1(rmax, 45
◦) − s1(rmax, 90
◦)] = 35.8 erg g−1 K−1.
Thus, the effect of the thermal wind becomes small in
our double-cell case.
This can be explained as follows. In the case of double-
cell meridional circulation, radially inward meridional
flow of the lower clockwise cell near the equator has
the advective effect of suppressing the entropy pertur-
bation from spreading into the bulk of the convection
zone, leading to weaker latitudinal entropy gradient in
low to middle latitudes. In a single-cell case, in con-
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Figure 5. Profiles of (a) differential rotation Ω/2pi nHz and (b) meridional circulation vm in a dynamical stationary state
computed with a strongly subadiabatic layer below the base of the convection zone: The absolute value of the superadiabaticity
is increased by a factor of 3, δos = −4.5× 10
−5.
trast, the radially outward meridional flow near the base
of the convection zone can help entropy perturbation
to spread upward and to produce significant latitudinal
entropy gradient in this region, by which the rotation
profile can largely deviates from the Taylor-Proudman
state. It is, therefore, suggested that in our mean-field
model the double-cell structure of the meridional circu-
lation has an unfavorable effect on the realization of the
non Taylor-Proudman differential rotation that is de-
duced by helioseismology compared with the single-cell
case, mainly due to the advection of the entropy pertur-
bation by the lower clockwise circulation cell near the
equator.
It should be noted that our mean-field model has many
important parameters, in addition to the Λ-effect, that
can also affect the results. Therefore, realizing the non-
cylindrical rotation profile similar to the helioseismic
measurement along with the double-cell meridional cir-
culation would not be a difficult task for our mean-field
model. For example, since the amplitude of the entropy
perturbation must depend on the background entropy
stratification ∂s0/∂r, decreasing the superadiabaticity
below the base of the convection zone δos can retrieve
the non Taylor-Proudman rotation profile while keeping
the meridional flow structure almost unchanged. Figure
5 shows the result for a value of δos 3 times larger than
that of our reference case with all the other parameters
kept identical. In this case, the increase in the entropy
perturbation originated from the subadiabatic layer can
almost be balanced by the increase in the differential
rotation. We present this solution as an example to
show that it is possible to obtain non-cylindrical rota-
tional profile with our parameterization of the Λ-effect.
However, since the aim here is to discuss the influence
of the double-cell meridional circulation structure on the
Taylor-Proudman balance by comparing with the single-
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Figure 6. Profiles of the differential rotation as functions of
radial distance at different colatitudes for case 1 (Cl = 0.1),
case 3 (Cl = 0.6), and case 4 (Cl = 1.0) with dashed lines,
solid lines, and dash-dot lines, respectively.
cell case, we conduct the rest of our simulations with the
same parameterizations for superadiabaticity δos, turbu-
lent thermal diffusivity κt, and ακν (value of the diffusiv-
ities at rtran) as presented in Rempel (2005)’s single-cell
case.
4.3. Dependence on Λ-Effect
In this section, we discuss the dependence on the free
parameter Cl which specifies the magnitude ratio of
the Λ-effect between lower and upper convection zone.
Larger Cl corresponds to the larger effect of the upward
turbulent angular momentum transport in the lower
part of the convection zone with respect to the effect
of the downward transport in the upper layer. When
Cl is changed, the amplitude of the differential rotation
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35◦N−45◦N. Black dash-dot line denotes the reference case.
is directly affected. Thus, Λ0 is adjusted such that the
equatorial rotation rate remains the same with the he-
lioseismic measurement ≈ 460 nHz for all cases as shown
in Table 2.
For all cases, both the solar-like differential rotation
and the double-cell meridional circulation are achieved
in a similar way to the reference case. Figure 6 shows
that the general profile of differential rotation is not
sensitive to the change in the parameter Cl, although
the magnitude of the rotation rate near the pole is
marginally affected. Dependence of the meridional flow
is shown in Figure 7. Even though the amplitude of
latitudinal velocity vθ or the depths of the return flows
are dependent on Cl and Λ0, we can confirm the exis-
tence of poleward flow at the surface, equatorward flow
in the middle layer, and poleward flow again near the
base of the convection zone in all cases. This suggests
that the double-cell structure is a very robust result for
the meridional flow as long as the Reynolds stress trans-
ports the angular momentum upward (downward) in the
lower (upper) half of the convection zone. Especially,
Figure 7 shows that, in our mean-field model, this ten-
dency is almost independent of the relative amplitude
of the upward turbulent angular momentum flux in the
lower convection zone so that double-cell meridional cir-
culation suggested by Zhao et al. (2013) can be realized
even when the magnitude of the Λ-effect is 10 times
weaker in the lower convection zone compared with that
in the upper convection zone.
Unlike the general tendency of the double-cell struc-
ture of the meridional flow, the Taylor-Proudman bal-
ance of the differential rotation turns out to highly de-
pend on the change in Cl, since the flow speed near the
base of the convection zone which plays a crucial role
for the thermal wind balance in suppressing the entropy
perturbation is sensitive to Cl. In order to quantitatively
discuss the Taylor-Proudman balance of the differential
rotation, let us define a new parameter PnTP which de-
scribes the morphology of the differential rotation; to
what extent the differential rotation deviates from the
Taylor-Proudman state,
PnTP=
1
R2⊙Ω
2
0
∫
∂Ω21
∂z
dV
=
1
R2⊙Ω
2
0
∫ (
cos θ
∂
∂r
−
sin θ
r
∂
∂θ
)
Ω21dV. (56)
The fourth column in Table 2 shows the absolute values
of PnTP for each case. PnTP monotonically decreases
with the increase in Cl. In other words, the differential
rotation becomes close to the Taylor-Proudman state
when the relative amplitude of the turbulent angular
momentum flux in the lower region increases.
According to the previous discussion in Section 4.2,
the change in the Taylor-Proudman balance would be
attributed to the change in the meridional flow. In or-
der to evaluate the extent of the double-cell structure
quantitatively, we further introduce a new parameter
Pcw defined by,
Pcw=
∫
Ψ(r, θ)dS∫
|Ψ(r, θ)|dS
, (57)
where the integral is taken over the meridional plane and
Ψ(r, θ) denotes the stream-function of the meridional
circulation defined by,
ρ0vm = ∇× (Ψeφ). (58)
Here, we set Ψ = 0 at the boundaries of our numerical
domain. When Pcw is +(−)1, the meridional circula-
tion is said to be clockwise (counterclockwise), whereas
the double-cell meridional circulation consists of both
the clockwise cell and the counterclockwise cell with the
same circulation strengths when Pcw is zero. The values
of Pcw for each case are shown in the fifth column of
Table 2.
When Cl is sufficiently small (case 1), Pcw takes a neg-
ative value, meaning that the meridional flow is dom-
inated by the upper counterclockwise circulation cell,
which is the direct consequence of the local angular mo-
mentum conservation within the upper half of the con-
vection zone. On the other hand, when the magnitude of
the Λ-effect in the lower half of the convection zone be-
comes comparable with respect to the magnitude in the
upper layer (Cl ≈ 1), the influence of the lower clockwise
circulation cell driven by the upward turbulent angular
momentum transport becomes stronger as manifested
by the positive value of Pcw in case 3 and 4. These
results indicate that, if the upward turbulent angular
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momentum transport works effectively in the lower con-
vection zone, the differential rotation becomes close to
the Taylor-Proudman state due to the stronger suppres-
sion of the entropy perturbation near the equator by fast
clockwise circulation cell in the lower convection zone.
5. ANGULAR MOMENTUM BALANCE
In this section, we discuss the angular momentum bal-
ance in a dynamical stationary state for the reference
solution (case 2), based on the equation of gyroscopic
pumping (equation (3)). Note that in the stationary
state the equation of continuity reduces to the anelastic
condition ∇ · (ρ0vm) = 0. The Reynolds stress on the
right hand side of the equation (3) can be divided into
the non-diffusive part (Λ-effect) and the diffusive part.
Therefore, we have,
ρ0vm · ∇L=∇ · [ρ0r sin θνlΛΩ0]
+∇ ·
[
ρ0r
2 sin2 θνv∇Ω1
]
. (59)
Figure 8 illustrates the angular momentum balance in
the stationary state, as expressed in each term of the
above equation (59). Figure 8(a) shows the mean angu-
lar momentum density L whose contour lines are parallel
to the rotational axis, showing that the angular momen-
tum distribution is almost the same with that of solid
body rotation. Figure 8(b) shows the advection of the
angular momentum by the meridional circulation (the
left-hand-side term of equation (59)). Figure 8(c) shows
the turbulent angular momentum transport by the non-
diffusive part of the Reynolds stress (the first term on
the right hand side of equation (59)), which clearly man-
ifests that the angular momentum is transported from
the lower and upper convection zone to the middle layer.
Figure 8(d) shows the dissipative effect of the angular
momentum due to the turbulent viscosity (the second
term on the right hand side of equation (59)).
In the stationary state, the advective effect shown in
Figure 8(b) is totally balanced by a combination of the
Λ-effect (Figure 8(c)) and the turbulent diffusion (Fig-
ure 8(d)). Figure 8(c) shows that the distribution of the
angular momentum is largely changed by the Λ-effect
especially in low to middle latitudes where the momen-
tum arm ζ = r sin θ is relatively large. Figure 8(d), on
the other hand, states that the turbulent diffusion also
works effectively in this low to middle latitudinal region
where the multiplication of ζ2 becomes dominant, and
consequently, the tachocline in low latitudes becomes
highly subject to the turbulent diffusion. This means
that the turbulent diffusion plays an important role in
suppressing the Λ-effect, leading to a significant amount
of cancellation between Figure 8(c) and 8(d). As a re-
sult, we can confirm that there exists a qualitative corre-
spondence between the angular momentum advected by
the meridional flow (Figure 8(b)) and the angular mo-
mentum transport by the Λ-effect (Figure 8(c)). This
manifests that the structure of the meridional circula-
tion might be almost determined by the Λ-effect such
that the advection by the meridional flow can balance
with the angular momentum transported by the Λ-effect
which is partially suppressed by the turbulent diffusion.
Comparison between Figure 8(b) and 8(c) further shows
that the accumulated angular momentum in the middle
convection zone due to the Λ-effect is redistributed to
both lower and upper layers of the convection zone by
the lower and upper circulation cells, respectively.
6. IMPLICATION FOR SOLAR MERIDIONAL
CIRCULATION
In our mean-field model, the Λ-effect, which drives the
whole large-scale dynamics, is given by a simple consid-
eration of the equation of gyroscopic pumping (equation
(4)) in an ad-hoc manner (Subsection 3.4). In this sec-
tion, we briefly discuss the validity of our parameteri-
zation of the Λ-effect and consider to what extent our
model is applicable to the solar convection zone. Here,
we should note that our parameterization of the Λ-effect
might not be an unique solution for the double-cell type
meridional circulation. However, mainly due to the rea-
sons described in Section 3.4, we do not aim to discuss
the general properties of all the possible Λ-effect in this
section but rather focus only on the parameterization
of our reference case as an example, from which we can
still derive some basic suggestions on the solar merid-
ional circulation structure.
Figure 9 shows the values of 〈v′rv
′
φ〉 and 〈v
′
θv
′
φ〉 in the
stationary state for the reference solution (case 2) cal-
culated by,
〈v′mv
′
φ〉 = − (νvr sin θ∇Ω1 + νlΛΩ0) , (60)
which largely reflect our parameterization of the Λ-
effect. Positive (negative) 〈v′rv
′
φ〉 in the lower (up-
per) convection zone expresses that the Reynolds stress
transports the angular momentum upward (downward)
in the lower (upper) layer whereas the positive 〈v′θv
′
φ〉
in the bulk of the convection zone describes the equa-
torward angular momentum transport. It is concluded,
from the discussion in Section 2, that the positive (neg-
ative) 〈v′rv
′
φ〉 in the lower (upper) convection zone is
crucial for driving the double-cell type meridional circu-
lation. Dominant positive 〈v′θv
′
φ〉, on the other hand, is
needed to accelerate the equatorial region and to obtain
the solar-like differential rotation. In this section, we
consider that 〈v′rv
′
φ〉 and 〈v
′
θv
′
φ〉 represent the correla-
tions of the small-scale turbulent flows which cannot be
resolved in this mean-field model. The aim of the fol-
lowing discussion is, therefore, to present possible phys-
ical processes which can produce the turbulent correla-
tions described above in a qualitative way and consider
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Figure 8. Angular momentum balance, emphasizing each term of the equation of gyroscopic pumping (59). (a) The mean
angular momentum density per unit mass L in units of 1015 cm2 s−1. (b) The angular momentum advected by the meridional
flow, which is represented by the left-hand side of the equation (59). (c) The turbulent angular momentum transport, which is
expressed in the first term on the right-hand side of the equation (59). (d) The angular momentum diffusion, which is expressed
in the second term on the right hand side of the equation (59). Figures (b), (c), and (d) are shown in units of 106 g cm−1 s2.
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Figure 9. Values of (a) 〈v′rv
′
φ〉 and (b) 〈v
′
θv
′
φ〉 obtained in our reference solution. Both values are shown in the meridional plane
in units of 106 cm2 s−2. White dotted lines indicate the location of the tangential cylinder, r sin θ = rbc.
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if these physical processes exist in the solar convection
zone.
Let us first consider the positive 〈v′θv
′
φ〉 which is mostly
confined outside the tangential cylinder (Figure 9(b)).
It is widely believed that convective columns, known
as “banana cells” that are mostly aligned with the ro-
tational axis extending across the equator, dominate
the convective structure in this region under the strong
influence of rotation (e.g., Busse 1970; Miesch 2005).
These banana cells have been repeatedly revealed by
3D full spherical simulations as a coherent north-south
alignment of penetrative downflow lanes (Brun et al.
2004; Miesch et al. 2006, 2008; Ka¨pyla¨ et al. 2011;
Featherstone & Miesch 2015; Hotta et al. 2015). As
a result, there appears a coherent azimuthal velocity
field towards these downflow lanes in the outer layer
of the banana cells. It is expected that the posi-
tive correlation 〈v′θv
′
φ〉 is established by the Coriolis
forces acting on the azimuthal velocity directing the
downflow lanes: The prograde (retrograde) azimuthal
flow v′φ > 0 (< 0) is bent equatorward (poleward)
to obtain a positive (negative) latitudinal component,
leading to 〈v′θv
′
φ〉 > 0. This positive 〈v
′
θv
′
φ〉 in the
northern hemisphere is confirmed not only by many
global simulations listed above but also by observations
with different methods; motion tracing of sunspots or
sunspot groups (Ward 1965; Gilman & Howard 1984;
Pulkkinen & Tuominen 1998; Sudar et al. 2014) and su-
pergranulation tracking (Hathaway et al. 2013). In our
model, the correlation has its peak at about 30◦ sim-
ilarly to Sudar et al. (2014)’s measurements and the
profiles obtained by direct or mean-field simulations
(Ka¨pyla¨ et al. 2011; Ru¨diger et al. 2014).
Next, negative 〈v′rv
′
φ〉 in the upper convection zone
(r > rmid) is considered (Figure 9(a)). In this upper re-
gion, since Ro is expected to become relatively large, the
effect of the Coriolis force becomes small and the con-
vectional structure is mostly dominated by the radial
motions of the thermal convection. Negative 〈v′rv
′
φ〉 can
be explained by the Coriolis forces acting on these radial
flows: The Coriolis force deflects downflows (v′r < 0)
in a prograde way (v′φ > 0), inducing 〈v
′
rv
′
φ〉 < 0. In
fact, the inward angular momentum transport driven
by this negative 〈v′rv
′
φ〉 is considered as one of the main
formation mechanisms of the solar near surface shear
layer (Foukal & Jokipii 1975; Miesch & Hindman 2011),
which exists above r ≈ 0.96 R⊙ (Howe et al. 2011). In
order to evaluate to what extent the generation process
of this negative 〈v′rv
′
φ〉 can prevail in the deeper convec-
tion zone, it is necessary to investigate the depth where
Ro exceeds the unity and the influence of the Corio-
lis force becomes weak. In Hotta et al. (2015)’s recent
high-resolution calculations of the solar global convec-
tion in which the near surface shear layer is produced
above r = 0.95 R⊙, the Rossby-unity line is located
about r ≈ 0.93R⊙. Although the profile ofRo presented
in their paper may be different from the solar profile be-
cause the luminosity is artificially reduced in order to
decrease Ro and to obtain a solar-like differential rota-
tion profile, it should be noted that in their simulations
the negative 〈v′rv
′
φ〉 is not confined to the near surface
shear layer but extends down to the middle convection
zone r ≈ 0.85 R⊙. Therefore, it is likely that the nega-
tive 〈v′rv
′
φ〉, whose existence at the surface is indirectly
supported by measurements of near surface shear layer
and poleward meridional flow, prevails in the upper half
of the convection zone, not being confined only to the
top surface, as presented in Figure 9(a).
Finally, positive 〈v′rv
′
φ〉 in the lower convection zone
is considered (Figure 9(a)). We should note at first
that the amplitude of the positive 〈v′rv
′
φ〉 in the lower
convection zone is about three times smaller than the
positive one in the upper convection zone in our ref-
erence case, and also that it can be even smaller as
in case 1. Apart from the amplitude, it is confirmed
that positive 〈v′rv
′
φ〉 is mainly confined inside the tan-
gential cylinder in middle to high latitudes, contrary
to the results obtained by direct numerical simulations
where positive 〈v′rv
′
φ〉 mostly exists outside the cylinder
(Ka¨pyla¨ et al. 2011; Hotta et al. 2014). Although the
positive 〈v′rv
′
φ〉 outside the tangential cylinder can be
explained by the rotation-induced prograde inclination
of the banana-cell structure (Busse 2002; Aurnou et al.
2007; Gastine et al. 2013), the turbulent correlations in-
side the tangential cylinder cannot be attributed to the
properties of the banana cells. In fact, it is unclear what
kind of physical process can generate the positive 〈v′rv
′
φ〉
in the lower convection zone in high latitudinal region.
Yet, our results might suggest that the realization of
the double-cell meridional circulation as suggested by
Zhao et al. (2013) needs the upward transport of the
angular momentum by the Reynolds stress even inside
the tangential cylinder where the positive turbulent cor-
relation 〈v′rv
′
φ〉 should be explained by some other physi-
cal processes but the rotation-induced banana-cell struc-
ture.
7. SUMMARY
We have investigated the condition of the Reynolds
stress needed for maintaining the double-cell meridional
circulation which has recently been revealed by helio-
seismology (Zhao et al. 2013; Kholikov et al. 2014). We
further examined whether or not the double-cell struc-
ture of the meridional circulation can coexist with the
solar-like differential rotation in the mean-field frame-
work. This work is significant because the discovery
of the double-cell meridional circulation by Zhao et al.
(2013) is one of the most controversial issues on the
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solar flux-transport dynamo model (Wang et al. 1989;
Choudhuri et al. 1995; Hazra et al. 2014) yet no one in-
vestigated whether or not it is a possible structure from
a hydrodynamical perspective. Our work can be used
as a base for further research on the validity of the con-
ventional flux-transport dynamo model.
First, we consider the angular momentum bal-
ance for a stationary large scale flows in the so-
lar convection zone, known as gyroscopic pumping
(Miesch & Hindman 2011) and apply it to the double-
cell type meridional flow to derive the properties of the
Reynolds stress necessary for driving the double-cell flow
structure in a qualitative way. As a result, positive
(nagative) 〈v′rv
′
φ〉 in the lower (upper) convection zone
turns out to be indispensable for the double-cell type
meridional flow. In other words, the Reynolds stress
must transport the angular momentum radially upward
(downward) in the lower (upper) half of the convection
zone.
Since it is not so obvious whether the Reynolds stress
can drive at the same time both the solar-like dif-
ferential rotation and the double-cell type meridional
circulation that are in a complicated hydrodynami-
cal balance (Miesch 2005), we then conduct a set of
mean-field simulations where the Λ-effect (Ru¨diger 1989;
Kichatinov & Ru¨diger 1993) is given explicitly such that
it reflects the condition of the Reynolds stress described
above. As a consequence, it is confirmed that the
double-cell structure of the meridional circulation is hy-
drodynamically compatible with the solar-like differen-
tial rotation as shown in Figure 2 and Figure 3. We
further conduct a parameter survey on the relative mag-
nitude of the Λ-effect in the lower part of the convection
zone with respect to that in the upper part. Regard-
less of the amplitude ratio of the upward and down-
ward turbulent angular momentum flux, the double-cell
meridional circulation is obtained in all cases along with
the solar-like differential rotation, suggesting that just
a small fraction of positive turbulent correlation 〈v′rv
′
φ〉
in the lower convection zone (≈ 10% with respect to the
upper layer) is sufficient for attaining the double-cell
meridional flow structure.
It is also found that the Taylor-Proudman balance
of the differential rotation is mainly influenced by the
meridional flow structure. In the double-cell case, the
profile of the differential rotation becomes close to the
Taylor-Proudman state compared with the single-cell
case (Rempel 2005). It is finally concluded from the
results of our parameter survey that the radially inward
meridional flow near the equator of the lower clockwise
circulation cell suppresses the entropy perturbation gen-
erated at the subadiabatic tachocline from spreading out
into the convection zone, and therefore, the effect of the
thermal wind driven by the latitudinal entropy gradient
decreases in our double-cell case.
Next, we again consider the angular momentum bal-
ance in a stationary state by evaluating the effects of
each term of the equation of gyroscopic pumping (equa-
tion (59)) using our simulational results. It is found that
the Λ-effect (the first term of the right hand side of the
equation (59)) is almost balanced by the advective effect
of the angular momentum by the meridional flow (the
left hand side of the equation (59)) as shown in Figure
8(b) and 8(c). Therefore, the structure of the merid-
ional circulation turns out to be mainly determined by
the parameterization of the Λ-effect in our model. The
condition of the Reynolds stress that we derived in Sec-
tion 2 can relate with the maintenance mechanism of
the double-cell meridional circulation as follows: When
the Reynolds stress distributes the angular momentum
from the lower and upper parts of the convection zone to
the middle layer, the meridional flow is driven such that
it advects the accumulated angular momentum in the
middle convection zone to the upper and lower layers by
two radially distinct circulation cells, respectively.
Finally, the validity of our parameterization of the
Λ-effect, which has some physical uncertainties in our
mean-field framework, is addressed. The negative 〈v′rv
′
φ〉
is likely to be generated by the Coriolis forces acting
on radial flows in the upper part of the convection zone
where Ro is relatively large. On the other hand, it is gen-
erally expected that the positive 〈v′rv
′
φ〉, which is crucial
for driving the clockwise circulation cell in the lower part
of the convection zone, is due to the rotation-induced
banana cell structure in the low Ro regime. However,
it is found that the positive 〈v′rv
′
φ〉 in the lower convec-
tion zone is mostly located inside the tangential cylinder
in middle to high latitudes where the banana cells may
not exist. Although it is unclear how this turbulent cor-
relation can be produced, our study suggests that the
double-cell type meridional flow needs the upward an-
gular momentum transport even inside the tangential
cylinder. The uncertainties on the small-scale convec-
tional structure or the distribution of the turbulent cor-
relations in this region are expected to be resolved using
high-resolution global spherical simulations.
Our future work will focus on the effect of the
magnetic field on the large-scale flow structures that
is not considered in this paper. Several investiga-
tions have been conducted on the feedback of the
Lorentz force on differential rotation and the single-cell
meridional flow in the mean-field framework but not
for the double-cell meridional flow. Rempel (2006)
found that the meridional flow structure shows a
deflection from the magnetized region and also that
a meridional flow with an amplitude of less than
200 cm s−1 cannot transport a magnetic field with a
strength of 20 − 30 kG due to the magnetic tension
force. It is, therefore, expected that our lower clockwise
cell whose amplitude is about 200 cm s−1 might be
highly affected by the existence of toroidal magnetic
fluxes near the base of the convection zone that can be
generated by differential rotation through the Ω-effect.
Moreover, the dynamical behavior of the large-scale
magnetic field is also expected to depend upon the
meridional flow structure. Since all of the previous
studies on the flux-transport dynamo based on the
double-cell meridional circulation were carried out in
a purely kinematic regime (Pipin & Kosovichev 2013;
Hazra et al. 2014), our study on the non-kinematic
flux-transport dynamo with the double-cell meridional
circulation will contribute to the reconsideration of the
conventional flux-transport dynamo model in a more
realistic regime.
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